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Abstract By means of reasonable assumption and mathematical derivation, a theoretic expression of
ow rate for a single fracture with linearly varying width was obtained. The mathematical derivation
was based on the cubic law and the new theoretic expression was an extention of traditional parallel
plate model. This study may help to analyze seepage in fractured rock mass. c 2012 The Chinese
Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1205205]
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Flow in fracture medium is important in many ar-
eas, such as seepage in fractured rock mass and the
contaminate transportation in fracture underground.
Hence, ow in a single fracture is the basis to explain
the fracture seepage phenomena. The traditional and
classic model of ow in a single fracture was well-known
as the \cubic law", which explained the viscous ow
between two parallel plates with smooth wall.1{3 The
cubic law laid the foundation of the seepage in fracture
medium.4 Natural fractures are more likely to be rough
walled,5,6 with walls contacting each other at discrete
points and lowing total ow.7 The later scholars did
much work to modify the cubic law through joining in
the roughness.8 Also, some scholars studied the relation-
ship between ow rate and aperture that is varying,9
which made it closer to the actual. To sum up, the cubic
law plays a vital role in seepage in fracture network.10
Any foundational research on a single fracture can have
a profound eect on the engineering problems.
The cubic law obtained from parallel plate model
builds the relationship between ow rate per unit width
and fracture geometric properties. In practice, the
width of a fracture is treated as innite. The varying of
the width along length is often ignored. Usually, there
is an expression established relationship between single
fracture ow rate and fracture width based on cubic law
by
Q = qw =
ge3
12
w( J); (1)
whereQ is ow rate, q is the ow rate per unit width and
w is fracture width. In this case, the fracture is regarded
as parallel plates with equal width along length as in
Fig. 1(a). However, there will be varying width along
length in actual fractures. Obviously, Eq. (1) becomes
inaccurate.
In this paper, we present a ow rate expression in a
single fracture with linearly varying width along length
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Fig. 1. Two dierent parallel plates. (a) Traditional parallel
plates, (b) parallel plates with linearly varying width.
as in Fig. 1(b). By means of assuming the streamlines
in steady ow starting from a virtual source point, the
ow rate is nally obtained through a series of mathe-
matic derivation. This study is fundamental. It helps
to analyze seepage problems in fractured rock mass.
Figure 2 shows the ow of parallel plates with lin-
early varying width. First, we assume that every stream
line is linear. All the stream lines start from one point
O1, an invented uid source, which is the intersection
of the two extended line sides of parallel plates. Also, it
is steady ow in the parallel plates. Hence, the stream
line and the path line are coincidental. Second, we as-
sume that every tiny section in the parallel plates can
be applied with the cubic law
q =
ge3
12
( J) : (2)
We use a function y = f(; x) to express the lo-
cation of the stream line in Fig. 2. According to the
geometrical relationship, the function can be obtained
as
f(; x) = (x+ L00) tan; (3)
where,  is the intersection angle between stream line
and x- axis and 0 <  < 90. L00 is the distance between
O and O1.
052005-2 H. N. Liang, and W. Q. Liu Theor. Appl. Mech. Lett. 2, 052005 (2012)
O1 Lϕ LO x
y
α
α0
H↪ w
l ↼ α↪ x↽
H↪ w
(a) (b)
Fig. 2. (a) Parallel plates with linearly varying width, (b) plane ow analysis of (a).
When the subtle change d occurs,
dw =
@f (; x)
@
=
1
cos2 
(x+ L00) ; (4)
Eq. (4) shows the variable quantity of stream line loca-
tion along y-axis when variable x is xed. The shaded
part in Fig. 2 indicates the variable quantity.
Obviously, the shaded parts can be regarded as a
tiny stream tube. We know that the ow rate is invari-
able in a stream tube. Hence, the shaded part satises
dQ = q dw = C; (5)
where dQ is ow rate in the tiny stream tube, C is a
constant and q is ow rate per unit width according to
cubic law. Substitution of Eqs. (2) and (4) into Eq. (5)
yields
J (; x) =  12
ge3
cos2 
C
x+ L00
; (6)
Eq. (6) shows the hydraulic gradient varying with x
when  is xed.
According to the denition of hydraulic gradient
J (; x) =
dH (; x)
dl (; x)
; (7)
where l (; x) is the length between the inow port and
the study point on the stream line, varying with  and
x
l (; x) =
x
cos
; (8)
when  is xed, the three functions J (; x), H (; x)
and l (; x) in Eq. (7) are just varying with x. Hence
one has
J (; x) =
dH (; x)
dl (; x)
=
dH (; x)
dx
dx
dl (; x)
: (9)
From the joint solution of Eqs. (6), (8) and (9), the
relational expression between H (; x) and x is obtained
by
dH (; x)
dx
=  12
ge3
cos
C
x+ L00
: (10)
After integration, Eq. (10) has the following solutions,
namely
H (; x) =  12
ge3
C ln (x+ L00) cos+ C
0; (11)
where C 0 is an integral constant.
The hydraulic head boundary conditions are
H (; 0) = H1; (12)
H (;L0) = H2: (13)
Substitution of Eqs. (12) and (13) into Eq. (11) yields
C =   ge
3
12
1
cos
1
ln [L00=(L0 + L
0
0)]
(H1  H2) : (14)
It can be found from Eq. (5) that
dQ = C; (15)
hence
dQ =   ge
3
12
1
cos
1
ln [L00=(L0 + L
0
0)]
(H1  H2): (16)
It is obviously that the ow rate in parallel
plates with linearly varying width is the integration of
Eq. (16), namely
Q =
Z 0
0
dQ; (17)
Q =
Z 0
0
  ge
3
12
1
cos
1
ln [L00=(L0 + L
0
0)]

(H1  H2) d: (18)
Through integration, the result is
Q =   ge
3
12
ln(sec0 + tan0)
ln [L00=(L0 + L
0
0)]
(H1  H2) : (19)
For parallel plates, the inow port width w1, outow
port width w2 and length L0 are known. According to
the geometric relation of variables, the other variables
can be obtained as follows
0 = arctan
w2   w1
L0
; (20)
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Fig. 3. (a) Parallel plates with linearly varying width, (b) plane ow analysis of (a).
L00 =
w1L0
w2   w1 : (21)
Substitution of Eqs. (20) and (21) into Eq. (19) yields
Q =   ge
3
12

ln
n
[
p
L20 + (w2   w1)2 + w2   w1]=L0
o
ln(w1=w2)

(H1  H2); (22)
where w1 < w2. Namely, Eq. (22) is the theoretic ex-
pression for the ow rate in parallel plates with linearly
varying width.
When w1 = w2 = w0,
Q =   ge
3
12

lim
w1!w0
w2!w0
ln
n
[
p
L20 + (w2   w1)2 + w2   w1]=L0
o
ln(w1=w2)

(H1  H2): (23)
Calculating the limit, the ow rate is expressed as
Q =
ge3
12
w0
(H1  H2)
L0
: (24)
Obviously, Eq. (24) is the ow rate expression for tra-
ditional parallel plates with unchanged width along
length.
With the same theory as above, the ow rate expres-
sion for the parallel plates with linearly varying width
as Fig. 3 can be obtained by
Q =   ge
3
12
(
[
p
L20 + (w21   w11)2 + w21   w11]=L0
ln(w11=w21)
+
[
p
L20 + (w22   w12)2 + w22   w12]=L0
ln(w12=w22)
)

(H1  H2): (25)
This paper presents a new theoretic expression of
ow rate for a single fracture with linearly varying width
for the rst time. Through reasonable assumption that
it follows the cubic law at any tiny section of the par-
allel plate, the calculus theory is used to get the whole
ow rate. The achievement expands the applying range
of the cubic law to parallel plates with linearly varying
width. For nonlinearly varying width, provided approx-
imate linear, it can be treated as linearly varying width
to calculate the whole ow rate. Provided nonlinearly
and complex varying width, it is not steady ow any
more. It will be hard to nd a theoretic expression to
indicate the relationship between ow rate and geomet-
ric attributes of parallel plates. The achievement es-
pecially contributes to analyze 3D seepage in fractured
rock mass. It also can be applied to solve seepage prob-
lems in other fractured materials.
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